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Limit 2Limit 2Limit 2Limit 2     
1.1.1.1. Evaluate lim�→� ����� ��� . 
 Method 1Method 1Method 1Method 1    
 lim�→� ����� ��� = lim�→� ������ ��������� ���������� ��� = lim�→� ����� ��������� ��� = lim�→� �!" ��������� ��� 
 = 3lim�→� $�!" ���� % �sin 3x� $ ������ ��% = 3lim�→� $�!" ���� % lim�→��sin 3x�lim�→� $ ������ ��% = 3�1��0� $ ����% 
 = 0 
 Method 2Method 2Method 2Method 2    
 lim�→� ����� ��� = lim�→� * �!" +, ������� ��� = -* lim�→� x . �!"+, +, /* ������ �� 
 = -* lim�→� x  lim�→� . �!"+, +, /* lim�→� ������ �� = -* �0��1�* $ ����% = 0   Method 3 Method 3 Method 3 Method 3    �L'Hôpital's rule� 
 lim�→� ����� ��� = lim�→� 55,������ ���55,� = lim�→� � �!" ��� = 0 
  
2.2.2.2. Evaluate lim�→6 7�8��!" ��8�� . 
  Since  −1 ≤ sin x ≤ 1 
 − ��8 ≤ �!" ��8 ≤ ��8 
 − lim�→6 ��8 ≤ lim�→6 �!" ��8 ≤ lim�→6 ��8 
 By the Squeeze Principle,  lim�→6 �!" ��8 = 0 
 lim�→6 7�8��!" ��8�� = lim�→6 7�CDE ,,8�� F,8 = 7����� = 6 
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3.3.3.3. Evaluate lim�→�√x I1 + sin* $*K� %L. 
 0 ≤ sin* $*K� % ≤ 1 
 1 ≤ 1 + sin* $*K� % ≤ 2 
 √x ≤ √x I1 + sin* $*K� %L ≤ 2√x 
 lim�→�√x ≤ lim�→�√x I1 + sin* $*K� %L ≤ 2lim�→�√x 
 By the Squeeze Principle, lim�→�√x I1 + sin* $*K� %L = 0 
  
4.4.4.4. Find lim"→�6 �F�* ��+�⋯��"���EPF�"E"E . 
 Let  L = �F�* ��+�⋯��"���EPF�"E"E  
 L > ������⋯���"E"E = 1 ⟹ lim"→6L ≥ 1 
 L < "F�" �"+�⋯�"EPF�"E"E = "EEPFEPF"E = "E��"EPF�"��� = "E��"E�"EPF = �� FEE��FE ⟹ lim"→6L ≤ lim"→6 �� FEE��FE = 1 
 By the Squeeze Principle,  lim"→�6L = 1 
 
5.5.5.5.    Evaluate lim�→�V�sin x� FWE ,. 
 
 Let  L = �sin x� FWE , 
  ln L = X" �!" �X" �  
 lim�→�V ln L = lim�→�V X" �!" �X" � = lim�→�V

55,�X" �!" ��55,�X" ��   �66  form, L’hopital Rule� 
   = lim�→�V

\]C ,CDE ,F, = lim�→�V � ��� ��!" � = X!^,→_V ��� �
X!^,→_VCDE ,, = 1 

 lim�→�VL = e� = e 
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6.6.6.6. Evaluate lim"→6 $ �"�� + �"�* + ⋯ + �*"% . 
 
  lim"→6 $ �"�� + �"�* + ⋯ + �*"% = lim"→6 �" . ���FE + ��� E + ⋯ + ���EE/ = ` ���� dx��  
 = ` ���� d�1 + x� = aln�1 + x�b�c��c� 10 = ln 2 
  
7.7.7.7. Evaluate lim"→�6 �"√" �� . 
  Let  m = −n  lim"→�6 �"√" �� = lim^→�6 ���^�e��^� �� = − lim^→�6 �^√^ �� = − lim^→�6 �f�� Fg = −3 
  
8.8.8.8.    Find lim"→�6 $ *i + *+i+ + *ji8 + ⋯ + * EPFiEVF % . 
 
 lim"→�6 $ *i + *+i+ + *ji + ⋯ + * EPFiEVF % = lim"→�6

F i $* i + *8i + *ki+ + ⋯ + * EiE % 
 = ��l lim"→�6 $li + l i + l+i+ + ⋯ + lEiE% 
 = ��l lim"→�6 mli + $li%* + $li%� + ⋯ + $li%"n , which is an infinite geometric series. 
 = ��l

8q��8q = **� 
 
9.9.9.9.    Show that the limit of the sequence s "*"��t"c�

6  exists. 
 uEVFuE = EVF EV+E EVF = �"����*"����"��*"��� = v*" ��"w��*" ��" > 1 
 ∴ a"�� > a",  ∴The sequence a" is monotonic increasing.  NoteNoteNoteNote: Strictly increasing implies monotonic increasing, as montonic increasing means “>orororor=”.  Monotonic increasing does not imply strictly increasing. 
 "*"�� < *"��*"�� = 1, the sequence is upper bounded. 
 By the Monotone bounded theorem, s "*"��t"c�

6  exists. 
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10.10.10.10. Find lim�→�6 ����√l� �� .  

 

 Let  L = lim�→�6 ����√l� �� 
 Put  y = -x.  When  x → −∞, y → +∞. 
 L = lim�→�6 �������el���� �� = lim�→�6 �����el� �� = lim�→�6 ���F�fl� F� = ����√l�� = − ��    
        11.11.11.11.    Use L’hopital Rule to evaluate lim�→6v√x* + 6x − xw.   Method 1Method 1Method 1Method 1     As x → −∞, lim�→6v√x* + 6x − xw = +∞. We take x → +∞, and we assume x > 0. 
 lim�→6v√x* + 6x − xw = lim�→6 .xf1 + 7� − x/ = lim�→6 � f��k,��F, �,    �� form 
   = lim�→6 �� +fFVk, , 

� F, � = lim�→6 � �f��k, � = 3 �by L’hopital Rule� 
 Method 2Method 2Method 2Method 2    
 Put  y = ��,  as  x → +∞, y → 0�. 
 lim�→�6v√x* + 6x − xw = lim�→�V �f �� + 7� − ��� = lim�→�V �e��7���� �  , � �� form � 
  = lim�→�V � k eFVk�� � = = lim�→�V � �e��7�� = �e��7��� = 3 . 
            Yue Kwok ChoyYue Kwok ChoyYue Kwok ChoyYue Kwok Choy    22/5/201722/5/201722/5/201722/5/2017     


